INTRODUCTION
Suppose that X is a symmetric space of measurable functions on [0, 1] . If, for some 1 ≤ p < q ≤ ∞, Boyd indices of the space X satisfy the inequalities
then X is an interpolation space between the spaces L p and L q . This means that any bounded linear operator T in L p and L q is also bounded in the space X . This theorem was proved by Boyd [1] in 1967 under the additional assumption that X possesses the Fatou property (see also [2] and [3, Theorem 5.16] In the case q = ∞ , the assumption in Boyd's theorem can be weakened. Namely, the fact that X is an interpolation space between L p and L ∞ is a consequence solely of the one-sided estimate In the last section of the paper, we present a new interpolation theorem for operators of strong type (1, 1) and of weak type (p, p) , 1 < p < ∞ .
Let us first recall the definitions and notation needed in the paper. 
For each s > 0 , the dilation operator
is defined and is bounded in any symmetric space X ( χ E is the characteristic function of the set E ⊂ [0, 1]). Moreover, σ s X→X ≤ max(1, s) . The important characteristics of a symmetric space X are the lower and upper Boyd indices:
The symmetric space X with norm · X possesses (a) the Fatou property if for any sequence {x n } ⊂ X such that x n ≥ 0 , x n x and sup n x n X < ∞ , we have x ∈ X and x n X x X ; (b) an absolutely continuous norm if for an arbitrary x ∈ X and any sequence {x n } of measurable functions on [0, 1] such that |x| ≥ x n ≥ 0 and x n ↓ 0 , we obtain x n X → 0 . Note that a symmetric space X is separable if and only if X has an absolutely continuous norm. It follows from the Calderón-Mityagin Theorem [5, Chap. 2, Theorem 4.3] that a symmetric space X possessing the Fatou property or being separable is an interpolation space between the spaces L 1 and L ∞ . This means that any linear operator T bounded in L 1 and L ∞ is bounded in X and
The most important examples of symmetric spaces-L p,q , Lorentz, Marcinkiewicz, and Orlicz spaces-possess the Fatou property. The spaces M 0 ϕ and E Φ of closure of L ∞ in the Marcinkiewicz space M ϕ and the Orlicz space L Φ , respectively, are typical separable symmetric spaces. For the definitions of these spaces and also for other general properties of symmetric spaces, see the monographs [3] [4] [5] .
for any x ∈ L 1 and all 0 < t ≤ 1 , where L p,1 is the Lorentz space with norm
Hence, by Holmstedt's formula [7, Theorems 4.1 and 4.2], we obtain the estimate
for any x ∈ L 1 and all 0 < t ≤ 1 . By Fubini's theorem, for the linear operator
we find that
Therefore, by (1), we have
for all 0 < t ≤ 1 . Next, we prove that
for an arbitrary symmetric space X such that α(X) > 1/p . Note that the estimate (4) 
ψ(st) ψ(s) .
These conditions are satisfied, for example, by the function ψ(t) = ln −1 (e 2 /t) .
In the Marcinkiewicz space M ψ ,
we consider the linear subspace
and by G denote the closure of G in M ψ . It is easy to verify that G is a symmetric space on [0, 1] . Since
However, the space G is not an interpolation space between L 1 and L ∞ (see [9, Theorem 2] We must only verify additionally that, for a constant B > 0 independent of x ∈ L r and 0 < t ≤ 1 , the following inequalities are satisfied: 
INTERPOLATION OF OPERATORS OF STRONG TYPE (1, 1) AND OF WEAK TYPE
In 1969, Boyd [2] proved that in order that any linear operator T of weak type (p, p) and (q, q) , 1 ≤ p < q < ∞ , be bounded in a symmetric space X , the following condition is necessary and sufficient: 1 q < α(X) ≤ β(X) < 1 p .
He obtained this result under the additional assumption that X possesses the Fatou property (see also [3 Theorem 5. 16; 4, Theorems 2.b.11 and 2.b.13]). Nevertheless, Boyd's theorem remains also valid for arbitrary symmetric spaces (see the introduction or Theorem 6.12 in [5, Chap. 2] ). In the case q = ∞ , i.e., when the class of all linear operators T of strong type (∞, ∞) and of weak type (p, p) , 1 ≤ p < ∞ is considered, the boundedness of any such operator in X is equivalent to the one-sided estimate β(X) < 1/p (see [6, Theorem 4.6] and also [11, Remark 5.9(a)]). A similar result can be proved also for the class of linear operators of weak type (p, p) , 1 < p < ∞ , bounded in L 1 .
